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a b s t r a c t
A connected graph G with at least 2m + 2n + 2 vertices is said to have property E(m, n)
if for any two disjoint matchings M and N of sizes m and n respectively, G has a perfect
matching F such that M ⊆ F and N ∩ F = ∅. Let µ(Σ) be the smallest integer k such
that no graphs embedded in the surface Σ are k-extendable. It has been shown that no
graphs embedded in some scattered surfaces as the sphere, projective plane, torus and
Klein bottle are E(µ(Σ)−1, 1). In this paper, we show that this result holds for all surfaces.
Furthermore, we obtain that for each integer k ≥ 4, if a graph G embedded in a surface has
too many vertices, then G does not have property E(k− 1, 1).
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
A matching of a graph G is a set of independent edges of G and a matching is called perfect if it covers all vertices of G. A
connected graph G with at least 2m + 2n + 2 vertices is said to have property E(m, n) (or abbreviated as G is E(m, n))
if, for any two disjoint matchings M , N ⊆ E(G) of sizes m and n respectively, there is a perfect matching F such that
M ⊆ F and N ∩ F = ∅. It is obvious that a graph with property E(0, 0) has a perfect matching. A connected graph with
at least 2m + 2 vertices is said to be m-extendable if it possesses a matching of size m and every such matching can be
extended to a perfect matching. By definition, property E(m, 0) and m-extendability are equivalent, so property E(m, n)
is a generalization of m-extendability to some extent. The concept of m-extendable graph was gradually evolved from the
study of elementary bipartite graphs and matching-covered graphs (i.e., each edge belongs to a perfect matching) and first
introduced by Plummer in 1980 [1]. For extensive studies onm-extendable graphs, see two surveys [2–4]. A basic property
related to this that will be used time after time is stated as follows.
Lemma 1.1 ([1]). Every m-extendable graph is (m+ 1)-connected.
For a vertex v of a graph G, let N(v) denote the neighborhood of v, i.e., the set of vertices adjacent to v in G, and G[N(v)]
be the subgraph of G induced by N(v). The next result essentially gives a restriction on the number of edges in G[N(v)]
for an m-extendable graph G. In particular, it restricts the number of triangular faces at v in an embedded m-extendable
graph G.
Lemma 1.2 ([5]). Let v be a vertex of degree m + t in an m-extendable graph G. Then G[N(v)] does not contain a matching of
size t.
Porteous [6] introduced the concept of property E(m, n) and focused on when the implication E(m, n) → E(p, q) does
and does not hold at the beginning. From then on, the possible implications among the properties E(m, n) for various values
ofm and n are studied in [7,6,8]. The following three related non-trivial results will be used later.
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Lemma 1.3 ([8]).
(i) If a graph G is E(m, n), then it is E(m, 0);
(ii) If a graph G is E(m, n), then it is E(m− 1, n);
(iii) For m ≥ 1, if a graph G is E(m, 0), then it is E(m− 1, 1).
The converses of all three parts in Lemma 1.3 do not hold. But due to the special status of (iii) in this paper, we will first
focus our interest on showing why the reverse of it does not hold. For example, the join graph K2+ K2m, obtained by joining
each of the two isolated vertices to each vertex of the complete graph K2m with edges, is E(m− 1, 1), but is not E(m, 0).
Recently, studies are concerned on the graphs embedded in the surfaces. A surface is a connected compact Hausdorff
space which is locally homeomorphic to an open disk in the plane. According to the Classification Theorem of Surfaces,
every surface Σ is homeomorphic to precisely one of the orientable surfaces Sg(g ≥ 0) or the non-orientable surfaces
Ng¯(g¯ > 0), where Sg and Ng¯ are obtained from the sphere by adding g handles and g¯ crosscaps respectively [9].
Let µ(Σ) be the smallest integer k such that no graphs embedded in the surface Σ are k-extendable [10]. Dean [5]
presented an elegant formula for any surface other than the sphere that
µ(Σ) = 2+

4− 2χ(Σ)

, (1)
where χ(Σ) is the Euler characteristic of a surfaceΣ , i.e., χ(Σ) = 2− 2g ifΣ = Sg and χ(Σ) = 2− g¯ ifΣ = Ng¯ . For the
sphere, µ(S0) = 3 [11]. Then it can be deduced that no planar or projective graph is E(3, 0), and no toroidal or Klein-bottle
graph is E(4, 0). E(3, 0) and E(4, 0) imply E(2, 1) and E(3, 1) respectively by Lemma 1.3(iii). Recall that the converse of
Lemma 1.3(iii) is not true, so the next results are essentially more stronger for graphs with small genus.
Theorem 1.4. (i) ([12]) No planar graph is E(2, 1);
(ii) ([13]) No projective planar graph is E(2, 1);
(iii) ([13]) If G is toroidal or embedded in the Klein bottle, then G is not E(3, 1).
It can be observed from the above theorem that for the surfaces Σ with small genus as the sphere, projective plane,
torus and Klein bottle, no graphs embedded in them are E(µ(Σ)− 1, 1). In this paper, we prove that this result holds for all
surfaces and its proof will be given in the next section.
Theorem 1.5. For any surfaceΣ , no graphs embedded in it are E(µ(Σ)− 1, 1).
For a graph G embedded in some surface Σ , the average degree is not more than 6 − 6 χ(Σ)|V (G)| [14, p. 216]. Hence for a
surface with small genus, a graph embedded in it has a vertex with degree bounded by 5 or 6. Actually the vertex can be
chosen to be a control point, the definition of which is in the next section. According to the finite possibilities of the degree
of the given vertex, the results in Theorem 1.4 can be obtained by analyzing the Euler contribution of the vertex by suiting
each possible degree. But for a surface with large genus, the bound is a variable with respect to the genus. Then the method
that has been used does not work. So the detailed method in this paper is different as before, although in the whole, the
main result is acquired by analyzing the Euler contribution of some control point too.
Furthermore, we obtain that for each integer k ≥ 4, if a graph G embedded in a surface has too many vertices, then G
does not have property E(k− 1, 1). Precisely, we have the following result; its proof will be given in Section 3. Note that for
a graph G, the genus γ (G) (resp., non-orientable genus γ¯ (G)) of it is the minimum genus (resp., non-orientable genus) of all
orientable (resp., non-orientable) surfaces in which G can be embedded.
Theorem 1.6. Let G be a graph with genus g (resp., non-orientable genus g¯). Then for each integer k ≥ 4, if |V (G)| ≥ 8g−8
k−3
+ 1 resp., |V (G)| ≥  4g¯−8k−3 + 1, G is not E(k− 1, 1).
By the way, the low boundaries of the above theorem are tight for k = 4 and 5, which has been shown in [15]. But for
k ≥ 6, they are unknown.
Combining Theorem 1.6 with Lemma 1.3(iii), the below corollary follows immediately.
Corollary 1.7 ([15]). Let G be any connected graph of genus g (resp., non-orientable genus g¯). Then for any integer k ≥ 4, if
|V (G)| ≥  8g−8k−3 + 1 resp.,  4g¯−8k−3 + 1, G is not k-extendable.
Particularly, by putting k = 4 in the above corollary, we can obtain the following result which is also a main theorem
that Aldred et al. recently obtained.
Corollary 1.8 ([16]). Let G be any connected graph of genus g (resp., non-orientable genus g¯). Then if |V (G)| ≥ 8g − 7 (resp.,
4g¯ − 7), G is not 4-extendable.
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2. Proof of Theorem 1.5
An embedding of a graphG in an orientable surface Sg (resp., a non-orientable surfaceNg¯ ) is said to beminimal if γ (G) = g
(resp., γ¯ (G) = g¯) and 2-cell if every face of it is homeomorphic to an open disk.
Lemma 2.1 ([17]). Every minimal orientable embedding of a graph G is a 2-cell embedding.
Lemma 2.2 ([18]). Every graph G has a minimal non-orientable embedding which is 2-cell.
Let v be any vertex of a graph G embedded in Sg (resp., Ng¯ ). Define the Euler contribution of the vertex v to be
φ(v) = 1− deg(v)
2
+
deg(v)
i=1
1
fi
, (2)
where the sum runs over the face angles at vertex v, fi denotes the size of the ith face at v and deg(v) denotes the degree
of v.
Lemma 2.3 ([19]). Let G be a connected graph 2-cellularly embedded in some surfaceΣ . Then

v φ(v) = χ(Σ).
Suppose that G is embedded in the surfaceΣ . Then for a vertex v, it is called a control point if φ(v) ≥ χ(Σ)|V (G)| . Further, if G
is 2-cellularly embedded, then Gmust have at least one control point by Lemma 2.3.
Let δ(G) denote the minimum degree of the vertices in G. The following lemma gives a lower bound of δ(G) of a graph G
with property E(m, 1). Although it is obtained easily, it is of paramount importance in proceeding the proving procedure.
Lemma 2.4. For m ≥ 1, if a graph G is E(m, 1), then δ(G) ≥ m+ 2.
Proof. By Lemma 1.3(i), G is E(m, 0). Hence δ(G) ≥ m+ 1 by Lemma 1.1. Suppose by the contrary that there exists a vertex
v with degreem+ 1. Then G[N(v)] cannot contain a matching of size 1 by Lemma 1.2; that is, N(v) is an independent set of
G. Let N(v) = {v1, v2, . . . , vm+1}, V = {v1, v2, . . . , vm} and R = V (G) \ N[v], where N[v] = N(v) ∪ {v}. Let G[V , R] be the
induced bipartite graph of G with bipartition V and R. Then every vertex in V is adjacent to at least m vertices in R. Hence
it can easily be seen that G[V , R] has a matchingM of size m saturating V by the famous Hall’s Theorem. Let N = {vvm+1}.
Obviously, there does not exist a perfect matching F of G satisfying that M ⊆ F and N ∩ F = ∅. This contradicts that G is
E(m, 1). 
Up to now, all preparations are ready, it is time to present the proof of Theorem 1.5.
Proof. Sinceµ(Σ) increases as g (resp., g¯) does and a graph embedded in a surfacewith small genus can also be embedded in
some surfacewith larger genus, it suffices to prove that any graphminimally embedded in the surfaceΣ is not E(µ(Σ)−1, 1)
by Lemma 1.3(ii). In the following, we may assume that G is minimally and 2-cellularly embedded in the surface Σ by
Lemmas 2.1 and 2.2.
By Theorem 1.4, the result holds for the surfaces S0, S1, N1 and N2. Hereafter, we will restrict our consideration on the
other surfacesΣ . Consequently, χ(Σ) ≤ −1 and µ(Σ) ≥ 4.
Suppose by the contrary that G is E(µ(Σ)− 1, 1). Then by definition, |V (G)| ≥ 2(µ(Σ)+ 1), and δ(G) ≥ µ(Σ)+ 1 ≥ 5
by Lemma 2.4. Since G is 2-cellularly embedded in Σ , it has a control point v. Let d := deg(v) and t be the number of the
triangular faces at v.
Claim 1. G is not E

d−  t2 , 1.
If t = d and d is odd, then there is a matching of size  t2 in G[N(v)]. Hence G is not E  t2 , 1, that is, G is not
E

d−  t2 , 1. Otherwise, t ≠ d or t = d and d is even, there is a matching of size  t2 in G[N(v)]. Then G is not d−  t2-
extendable by Lemma 1.2. Hence G is not E

d−  t2 , 1 by Lemma 1.3(i). So the claim always holds.
By Eq. (2) and φ(v) ≥ χ(Σ)|V (G)| , we have
d
2
≤ 1+
d
i=1
1
fi
− χ(Σ)|V (G)| ≤ 1+
t
3
+ d− t
4
− χ(Σ)
2(µ(Σ)+ 1) ,
which implies that
d ≤ t
3
+ 4− 2χ(Σ)
µ(Σ)+ 1 .
Let
c := 4− 2χ(Σ)
µ(Σ)+ 1 . (3)
Then d−  t2 ≤ d− t2 ≤ d− t3 ≤ c. Moreover, c > 4 for χ(Σ) ≤ −1 and µ(Σ) ≥ 4.
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Claim 2. G is not E(⌊c⌋ − 1, 1).
If d−  t2 ≤ d− t2 ≤ c − 1, then G is not E(⌊c⌋ − 1, 1) by Lemma 1.3(ii) and Claim 1.
In what follows we suppose that d− t2 > c − 1. Combining this with d− t3 ≤ c , we obtain that t ≤ 5. Then all possible
cases of pairs of non-negative integers (t, d) are as follows:
(0, ⌊c⌋), (1, ⌊c⌋), (1, ⌊c⌋ + 1), (2, ⌊c⌋ + 1), (3, ⌊c⌋ + 1), (4, ⌊c⌋ + 2) and (5, ⌊c⌋ + 2).
Suppose by the contrary that G is E(⌊c⌋ − 1, 1). Then G is (⌊c⌋ − 1)-extendable by Lemma 1.3(i) and δ(G) ≥ ⌊c⌋ + 1 by
Lemma 2.4. Hence the first two cases (0, ⌊c⌋) and (1, ⌊c⌋) are impossible.
From now on, for convenience, let v1, v2, . . . , vd be the vertices adjacent to v arranged clockwise at v in the embedding.
Similar to the notations in the proof of Lemma 2.4, let R = V (G) \ N[v] and G[V , R] denote the induced bipartite graph of
G with bipartition V and R, where V ⊆ V (G) \ R. In what follows, to get a contradiction, we are devoted to find a pair of
disjoint matchings M and N of size ⌊c⌋ − 1 and 1 respectively, preventing that G is E(⌊c⌋ − 1, 1). The nonexistence of a
perfect matching F withM ⊆ F and N ∩ F = ∅ can be easily verified. Henceforth, we just present the detailedM and N , and
the reasoning and the conclusion are omitted.
Note that if d = ⌊c⌋ + 1, by Lemma 1.2, G[N(v)] cannot contain a matching of size 2 for deg(v) = d = (⌊c⌋ − 1)+ 2.
For (t, d) = (1, ⌊c⌋+ 1), G[N(v)] cannot contain a matching of size 2. Assume that the only triangular face at v is vv1v2.
Hence each vi, 3 ≤ i ≤ ⌊c⌋+1, can only be adjacent to v1 and v2 in N(v). Consequently, each vi has at least ⌊c⌋−2 adjacent
vertices in R for δ(G) ≥ ⌊c⌋ + 1. Let V := {v3, v4, . . . , v⌊c⌋}. Then there is a matching M ′ of size ⌊c⌋ − 2 in G[V , R]. Let
M := M ′ ∪ {v1v2} and N := {vv⌊c⌋+1}.
For (t, d) = (2, ⌊c⌋ + 1), G[N(v)] cannot contain a matching of size 2. So the two triangular faces at v must be adjacent.
Hence we can assume that they are vv1v2 and vv2v3. Each vi, 4 ≤ i ≤ ⌊c⌋+ 1, can only be adjacent to v2 in N(v). Thus each
has at least ⌊c⌋ − 1 adjacent vertices in R. Let V := {v4, v5, . . . , v⌊c⌋+1}. Then we can find a matchingM ′ of size ⌊c⌋ − 2 in
G[V , R]. LetM := M ′ ∪ {v1v2} and N := {vv3}.
For (t, d) = (3, ⌊c⌋ + 1), G[N(v)] contains a matching of size  32 = 2. This would be impossible, too.
If d = ⌊c⌋ + 2, since deg(v) = (⌊c⌋ − 1) + 3, G[N(v)] cannot contain a matching of size 3 by Lemma 1.2. Hence
(t, d) = (5, ⌊c⌋ + 2)would also be impossible since G[N(v)] contains a matching of size  52 = 3.
For the remaining case (t, d) = (4, ⌊c⌋ + 2), G[N(v)] cannot contain a matching of size 3. Then the four triangular faces
at v must have the following two cases.
Case 1. The edges occur in the four triangles and G[N(v)] simultaneity form a four-length path. Without loss of generality,
suppose that they are vvivi+1, 1 ≤ i ≤ 4. Each vi, 6 ≤ i ≤ ⌊c⌋ + 2, can only be adjacent to v2 or v4, and has at least
⌊c⌋ − 2 adjacent vertices in R. Let V := {v6, v7, . . . , v⌊c⌋+2}. Then we can find a matchingM ′ of size ⌊c⌋ − 3 in G[V , R]. Let
M = M ′ ∪ {v1v2, v4v5} and N = {vv3}.
Case 2. The edges occur in the four triangles and G[N(v)] simultaneity form two two-length disjoint paths. Suppose that they
are vvivi+1 with i = 1, 2 and vvjvj+1 with j = t, t + 1, where t ≠ 1, 2, 3, ⌊c⌋+ 1, ⌊c⌋+ 2. Then each vi, i ≠ 1, 2, 3, t, t + 1
and t + 2, can only be adjacent to v2 and vt+1, and has at least ⌊c⌋ − 2 adjacent vertices in R. v3 can only be adjacent to
v1, v2 and vt+1 in G[N(v)], and has at least ⌊c⌋ − 3 adjacent vertices in R. Let V := N(v)− {v1, v2, vt , vt+1, vt+2}. Then we
can find a matchingM ′ of size ⌊c⌋ − 3 in G[V , R]. SetM := M ′ ∪ {v1v2, vtvt+1} and N := {vvt+2}.
Up to the above arguments, Claim 2 holds.
Claim 3. ⌊c⌋ ≤ µ(Σ).
In fact, the inequality has been stated in [5] without proof. Here we present a simple proof.
Owing to the expressions (1) and (3) of µ(Σ) and c , it is equivalent to prove that

4− 2χ(Σ)
3+⌊√4−2χ(Σ)⌋

≤ 2 +√
4− 2χ(Σ). Then we have the following implications:
4− 2χ(Σ)
3+ √4− 2χ(Σ)

≤ 2+

4− 2χ(Σ)

⇐⇒ 1− 2χ(Σ)
3+ √4− 2χ(Σ) <

4− 2χ(Σ)

⇐⇒ 3+

4− 2χ(Σ)

− 2χ(Σ) <

4− 2χ(Σ)
2 + 34− 2χ(Σ)
⇐⇒ 4− 2χ(Σ) <

4− 2χ(Σ)

+ 1
2
.
Since the last inequality evidently holds, the claim follows.
By the above arguments, G is E(µ(Σ)− 1, 1) but not E(⌊c⌋− 1, 1). Hence ⌊c⌋− 1 > µ(Σ)− 1 by Lemma 1.3(ii), which
contradicts Claim 3. 
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3. Proof of Theorem 1.6
Suppose by the contrary that G is E(k−1, 1). Then G is E(k−1, 0) and δ(G) ≥ k+1 by Lemmas 1.3(i) and 2.4 respectively.
We can assume that G is 2-cellularly embedded in the surface Sg (resp., Ng¯ ) by Lemmas 2.1 and 2.2. In the following, we
mainly prove that φ(v) ≤ − k−34 for any vertex v ∈ V (G). If it holds, by Lemma 2.3, χ(Σ) =

v φ(v) ≤ − k−34 |V (G)|, which
implies that |V (G)| ≤ −4χ(Σ)k−3 for k ≥ 4. This contradiction to the condition establishes the theorem.
Let d = deg(v) = k + m. Then m ≥ 1. For convenience, we assume that v1, v2, . . . , vd are the vertices adjacent to v
arranged clockwise at v in the embedding. Also R is defined to be V (G) \ N[v]. There are three cases to be considered.
Case 1.m ≥ 3. Since d = (k− 1)+m+ 1 and G is (k− 1)-extendable, G[N(v)] cannot contain a matching of sizem+ 1 by
Lemma 1.2. If there are at most 2m triangular faces at v, then
φ(v) ≤ 1− d
2
+ 2m
3
+ k+m− 2m
4
= −3k−m+ 12
12
≤ −3k− 3+ 12
12
= 3− k
4
.
Otherwise, there are exactly 2m + 1 triangular faces at v and d = 2m + 1. Then m + k = 2m + 1, which implies that
m = k − 1. Let M := {vivi+1|1 ≤ i ≤ 2m − 1t and i is odd} and N := {vv2m+1}. Then there exists no perfect matching F
such thatM ⊆ F and N ∩ F = ∅. But G is E(k− 1, 1), a contradiction.
Case 2. m = 2. Since d = (k − 1) + 3, G[N(v)] cannot contain a matching of size 3 by Lemma 1.2. Hence there are at most
four triangular faces at v.
If there are exactly four triangular faces at v, recall the proof of the case that (t, d) = (4, ⌊c⌋+2) in Claim2of Theorem1.5,
a contradiction is made if we look k as ⌊c⌋.
So there are at most three triangular faces at v, then φ(v) ≤ 1− k+22 + 33 + k−14 = 3−k4 .
Case 3. m = 1. Since d = (k − 1) + 2, G[N(v)] cannot contain a matching of size 2. Consequently, there are at most two
triangular faces at v.
If there is exactly one triangular face at v, suppose that it is vv1v2. Since G[N(v)] cannot contain a matching of size 2,
each vertex vi, where 3 ≤ i ≤ k, can only be adjacent to v1 and v2 in N(v). Consequently, it is adjacent to at least k − 2
vertices in R. Let V = {v3, v4, . . . , vk}. Then we can find a matchingM ′ of size k− 2 in the induced bipartite graph G[V , R]
of G. SetM := M ′ ∪ {v1v2} and N := {vvk+1}. Then there is no perfect matching F satisfying thatM ⊆ F and N ∩ F = ∅, a
contradiction.
If there are exactly two triangular faces at v, which must be adjacent faces, say vvivi+1, where i = 1, 2. Then each vertex
vi, 4 ≤ i ≤ k+1, can only be adjacent to v2 in N(v), and is adjacent to at least k−1 vertices in R. Let V := {v4, v5, . . . , vk+1}.
Thenwe can find amatchingM ′ of size k−2 in the induced bipartite graphG[V , R] ofG. SetM := M ′∪{v1v2} andN := {vv3}.
Then there is no perfect matching F satisfying thatM ⊆ F and N ∩ F = ∅, a contradiction.
Hence there are no triangular faces at v. Then φ(v) = 1− d2 +
d
i=1
1
fi
≤ 1− d2 + d4 = 3−k4 .
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